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Abstract
This article intr oduces a new global optimization procedure called LARES. LARES is
based on the concept of an arti�cial chemical process(ACP), a new paradigm which
is described in this article. The algorithm's performance was studied using a test bed
with a wide spectrum of problems including random multi-modal random problem
generators, random LSAT problem generators with various degreesof epistasis,and a
test bed of real-valued functions with dif ferent degreesof multi-modality , discontinu-
ity and �atness. In all casesstudied, LARESperformed very well in terms of robustness
and ef�ciency .
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1 Introduction

Evolutionary algorithms (Genetic algorithms (Goldberg, 1989), Evolution Strategies
(Schwefel, 1995))and Simulated Annealing (Kirkpatrick et al., 1983;Ingber, 1993))are
popular and important paradigms in the solution of optimization problems and devel-
opment of new algorithms. Genetic algorithms are basedon representing individuals
in terms of their genetic make-up. In this method, a large set of con�gurations forms
a population with new generations createdby selection,crossoverand mutation of the
current population. It is hoped that this evolution processwill increasethe �tness of
the population to a near optimal value. Simulated annealing was designed for com-
binatorial optimization problems using concepts from statistical physics. In this case,
a very low-energy con�guration may be achieved by starting at a high temperatur e
and then gradually lowering the temperatur e using a cooling schedule. Evolutionary
strategies were developed with a strong focus on solving real-valued parameter opti-
mization problems.

In this article, a new algorithm basedon an arti�cial chemical process(ACP) called
LARES is intr oduced as a new paradigm for optimization. In this algorithm, the deci-
sion vector is encoded into a set of independent discrete variables called molecules.
The range of each variable can be dif ferent. This encoding into molecules facilitates
the solution of a large classof problems, in which the decision variables may be of nu-
merical and/or non-numerical nature. Other featuresof this algorithm are the use of
multiple encoding and the application of certain kinds of constraints. Thesefeatures
are not shared by genetic algorithms. The crossover operator requiresall bits to have
the samerange and constraints cannot be applied dir ectly, since they may be violated
after crossover. Unlike GA and ES,which are population-based algorithms, LARES is
an iterative impr ovement algorithm considering one solution at time. The algorithm is
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robust in terms of its tuning parameters. Other algorithms, such as simulated anneal-
ing, depend strongly on the selection of the cooling schedule, which in general needs
to be tuned for speci�c problems. Furthermor e, SA does not consider how to selecta
step change for the next trial solution, which is critical to the successof the algorithm.
This needsto be de�ned by the user for the problem at hand.

This paper is organized as follows. In section 2, the LARES algorithm is described
in detail. In section 3, the results of extensive testing are given, demonstrating the per-
formance of the algorithm with a test bed of multi-modal problem generators, LSAT
problem generators and real-valued functions. In section 4, a modi�ed algorithm is
presentedto include constraints. In section 5, sensitivity to the algorithm parameters is
evaluated by numerical experiments over a test bed of functions. In section 6, the fea-
tur esof the algorithm are reviewed and areasof futur e research are addressed.Section
7 concludes the paper.

2 LARES arti�cial chemical process

To apply the algorithm, the possible solutions to the problem (decision variables) are
encoded into a �nite setof variables (x j ; j = 1; : : : ;V) called molecules. Thesemolecule
variables are de�ned over a small range of discretevalues. Let 
 j be the setof possible
values that the variable x j can have, 
 j =

�
i1; : : : ; iM j

	
, where M j is the total number

of possible values for molecule j . The discrete value assigned to the molecule is called
the state. After the original problem hasbeenencoded into molecule variables, the only
information used by the algorithm is the value of the cost function.

This is an iterative impr ovement methodology, which considers one solution at a
time. Let Z be the set of all V molecules in the system and xg

j the state for the molecule
j for the best value found so far, xg = (xg

1 ; : : : ; xg
V ). If this solution can be impr oved,

then 9A � Z , in which eachmolecule in A has a new state x t
j = xa

j 6= xg
j 8 j 2 A and

all other molecules are in the stateof the bestsolution found so far (x t
j = xg

j 8 j 2 Zn A)
generating a new vector x t such that F (x t ) < F (xg).

To �nd this set, the following strategy, called arti�cial chemical process,is applied.
The �rst step is to perturb the system by selecting a random set AR, and for each el-
ement of AR a new random state is assigned, xa

j 6= xg
j 8 j 2 AR. If this is the desired

set AR=A, the trial state vector is acceptedas the new best value found so far. If not,
the following hypothesis is postulated to impr ove the perturbation with the hope of
�nding A:

H1: 9 A � AR, in which each molecule in A has a new state generating a new
vector x t such that F (x t ) < F (xg).

The hypothesis H1 is tested using the following iterative procedure. In each iter-
ation, select E molecules from AR and return their state to the state of the best value
found so far (x t

j = xg
j 8 j 2 E). If the new perturbation is impr oved (by some de�nition

of impr ovement) from the previous one, then AR=ARnE. Otherwise, all molecules in E
are returned to AR with molecules in a new random state. This processis continued
until A is found or until a predetermined termination criterion for AR is achieved. In
the second caseit is assumed that H1 is false, so then a brand new AR is generated
and H1 is tested again. Iterations continue until an algorithm termination criterion is
achieved.

The elementsof the algorithm are:

1. Selection of the perturbation set AR by a probability distribution function (PDF)
and selection of new statesfor eachmolecule in AR.
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2. Selectionof the extraction set E by a PDF.

3. The impr ovement criterion for selecting whether molecules in E are returned back
to AR in a new state or are separated from AR and back to the state of the best
solution found so far.

An outline of the algorithm is given in section 2.1,and then the algorithm is pre-
sented in section 2.2. The analogy of the current algorithm with a chemical processis
given in section 2.3.

2.1 Algorithm outline

Let L, AR, E, and Sbe four disjunctive setswhose elements are the molecule variables.
Let F be the objective function to be minimized, expressedin terms of the vector of
molecule variables, F = F (x). Let the value of the best solution found so far be xg =
(xg

1; : : : ; xg
V ). The algorithm consists of redistributing the molecule variables among

the sets to generate new trial vectors using the following rule: whenever a molecule
variable x j becomesa member of the set AR, a new value dif ferent from the best value
found is assigned to it. Let xa

j 6= xg
j be the new value, which will not changeuntil the

variable is moved out of the setAR. For eachiteration, the trial vector x t = (x t
1; : : : ; x t

V )
is then constructed using the following formula:

x t
j =

�
xg

j if x j =2 AR
xa

j if x j 2 AR
(1)

With thesede�nitions, the algorithm is described next:
Initialization

1. The algorithm starts by initializing xg randomly and placing all variables in L (set
AR = E = S = ; , L = f x1; : : : ; xV g).

Outer loop: Perturbation to form AR.

2. Selecta random number, jT r x j (jT r x j � jLj), from a uniform PDF:

jT r x j = min f int (� [V � c0] + 1) ; jLjg (2)

where � is uniformly distributed in (0,1) and co is an adjustable parameter used
to select the average fraction of elements to be selectedfrom V, which is the total
number of molecules representing the possible solutions to the problem.

3. SelectjT r x j elements randomly from L to form the subsetT r x , (T r x � L) .

4. Transfer the subset to AR: L = L n T r x ; AR = AR [ T r x .

5. Selecta random new value for eachmolecule variable in T r x : xa
j 6= xg

j ; 8j 2 T r x .

6. The new trial vector, x t , is generated using Eq. (1).

7. If F (x t ) < F (xg), the trial vector is acceptedasa new bestsolution found, xg = x t .
In this case,all of the elements in AR are sent to the set S : S = S [ AR; AR = ; .
If the algorithm termination criterion is achieved, exit the algorithm and return xg

as the solution to the optimization problem.
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8. If a better solution was found in step 7, skip the inner loop and perform another
outer loop iteration: Go to step 17. Otherwise, continue with step 9.

9. Initialize the parameter RP: RP= F (x t ). This parameter is used and modi�ed in
the ”goodness” test in the inner loop. Also set jARj0 = jARj, which is the initial
number of molecules in AR before starting the next inner loop.

Inner loop: Iterative impr ovement of AR.

10. Selecta random number, jEj, from a prescribedPDF, jEj � jARj. The formula used
is:

jEj = min
h
int

�
�
�

jARj0 � ci
�

+ 1
�

; jARj
i

(3)

where jARj0 is de�ned in step 9 and ci is another adjustable parameter.

11. SelectjEj elements randomly from AR to form the subsetE.

12. Extract the subsetE from AR : AR = AR n E:

13. The new trial vector, x t , is generated using Eq. (1).

14. If F (x t ) < F (xg), the trial vector is acceptedasa new bestsolution found, xg = x t .
All of the elements in AR are sent to the set S : S = S [ AR; AR = ; . If the
algorithm termination criterion is achieved, exit the algorithm and return xg asthe
solution to the optimization problem,

15. Improvementcriterion for AR: If F (x t ) � RP, the hypothesis is that there is a high
probability that most elements in E will prefer to stay in their ground state (x j =
xg

j ) to generate better solutions. In this case,the elements in E are transferred to
S : S = S[ E; E = ; and the metric RPis updated, RP = F (x t ). When F (x t ) > RP,
the hypothesis is that there is a high probability that most elementsin E will induce
a better solution if they are in a dif ferent state from their ground state. In this case,
a new activated state is generated for all elements in E (x j = xa

j 6= xg
j ; 8j 2 E), and

all of the elements in E are transferred back to AR (AR = AR [ E; E = ; ).

Check conditions to exit or continue the inner loop.

16. If one of the following conditions is satis�ed, the algorithm will exit the inner loop
(go to step 17):

– If a better solution was found in step 14.

– The number of elements in AR is lessthan or equal to one, jARj < 1. For some
particular problems this restriction could begeneralized to a generic threshold
parameter (jARj < c), but this caseis not considered in this work.

– Large recycle-ratio (RR) de�ned as

RR =
rec

jARj0
� RRT (4)

were rec is the counter of the number of times that E is sent back to AR in
the current inner loop and jARj0 de�ned in step 9 is the initial number of
molecules in AR generatedin the outer loop. The parameter RRT is adjustable.
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Otherwise, a new inner loop iteration is started: go to step 10. Note that most
of the inner loops should be terminated naturally either by a better solution or
by jARj � 1. The RRT is set large enough to let most of the inner loops to be
terminated naturally by a better solution or jARj � 1. The RRT should not be too
large, becausethen many iterations will be allowed for an undesired inner loop,
affecting the algorithm's performance.

Check the number of elements in L and AR, and the algorithm termination criterion .

17. Check the number of elements in the sets L. If the number of elements in L is
below a prescribed value, LT, all of the elements in the set S are transferred: L =
L [ S; S = ; . If the number of elements in L is still too low (jLj � LT) , then all of
the elements in AR are transferred to L: L = L [ AR; AR = ; .

18. Start an outer loop iteration, returning to step 2.

2.2 LARES Algorithm

This algorithm is organized in compact form using the following operators. Let the
Activate-Transfer operator be the sub-algorithm that performs steps 3-6. This
sub-algorithm is described in Figure 1, and the stepsareshown schematically in Figure
2. The input parameters are the two sets involved in the transfer and the number of
elements,N, that will be transferred from one set to the other (determined in step 2).

Activate-T ransfer (L, AR, N)

Begin
For counter=1, N do

Selecta random molecule, j , from L (using uniform PDF);
Sendan element from L to AR: L = L � f xj g; AR = AR [ f xj g ;
Selecta random value, q, from 
 � f xg

j g (using uniform PDF);
Setxa

j = q;
End(for)
Setx t using Eq. (1)

End

Figure 1: Activate-Transfer algorithm.

Steps7 and 14are performed using the Acceptance-test (better) sub-algorithm
shown in Figure 3. If the trial vector produces a better solution, it is accepted as a
new best solution found, and the logical value better will return a TRUE value. Let
the Deactivate-Transfer operator be the sub-algorithm that performs steps11-13.
This sub-algorithm is shown in Figure 4, and the stepsare shown schematically in Fig-
ure 5. The input parameters are the two sets involved in the transfer and the number
of elements, N, that will be transferred from one set to the other (determined in step
10). The LARES algorithm is described in Figure 6 in terms of these operators and
the parameters RRT, co, ci , LT. Although an optimal search of the parameters was not
performed, the following parameters were found to perform well in numerical experi-
ments: RRT=1.0,co = 0:3, ci = 0:25, LT=V/2.
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Figure 2: Schematicrepresentation of the Active-Transfer algorithm.

Acceptance-test(better)

Begin
If (F (x t ) < F (xg)) then

Accept new best solution: x t = xg;
Transfer all elements from AR to S:S = S[ AR; AR = ; ;
Better  TRUE;

Else
Better  FALSE;

End(if)
End

Figure 3: Acceptance-testalgorithm.

Deactivate-Transfer (AR, E, N)

Begin
For counter=1, N do

Selecta random molecule, j , from AR (using uniform PDF);
Sendan element from AR to E: AR = AR � f xj g; E = E [ f xj g ;

End(for)
Setx t using Eq. (1)

End

Figure 4: Deactivate-Transfer algorithm.
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Figure 5: Schematicrepresentation of the Deactive-Transfer algorithm.

Begin
Initialize xg (feasible),with all elements in L;
better TRUE

% Outer iteration
While (termination criterion is not satis�ed) do

SetN using Eq. (2);
Call Activate-Transfer (L, AR, N);
Call Acceptance-test(better);

If (termination criterion satis�ed) End
% Inner iterations

If (not better) then
RP=F (x t ); SetjARj0 = jARj and rec = 0;
While (jARj > 1 and [rec/ jARj0] � RRT and not better) do

SetN using Eq. (3);
Call Deactivate-Transfer(AR, E, N);
Call Acceptance-test(better)
If (termination criterion satis�ed) End
If (F (x t ) � RPor better) then

Transfer all elements in E to S:S = S[ E; E = ;
RP = F (x t )

Else
Call Activate-Transfer(E,AR, jEj);
rec = rec+ 1;

End(if)
End(while)

End(if)
If (jLj � LT) L = L [ S; S = ; ;
If (jARj = V or jLj � LT) L = L [ AR; AR = ; ;

End(while)
End

Figure 6: LARES algorithm.
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2.3 The algorithm viewed asan arti�cial chemical process

This procedure has many analogies with a real chemical process,as shown schemati-
cally in Figure 7. The molecule variables can be viewed asmolecules that will be trans-
formed from one state to another (variable value) by a ”r eversible chemical reaction”.
First the Activation-R eactor, AR, is loaded from the Load unit, L. A reaction is per-
formed, and the undesired bypr oducts are separated from the product by separation
processes.In this separation process,somemolecules are extracted from the activation
reactor and sent to the Extraction unit, E. If the Reactor Performance, RP, is impr oved,
the extracted material is sent to the Separation unit, S. Otherwise, the material is re-
cycled back into the activation reactor to be re-processed.Theseouter-inner iterations
(reaction-puri�cation) are continued until the product cannot be impr oved anymore.

Reaction rejected

Reprocess material

ExtractActivate-Transfer Deactivate-Transfer

Product (reaction completed)

ARL E S

Recycle: Activate-Transfer

Figure 7: Schematicrepresentation of LARES.

3 Results

In this section, the LARES algorithm's performance is studied under dif ferent classes
of problems using random problem generators and a test bed of real-valued functions.
In all simulations, binary representationsare utilized in which eachbit of the string is
viewed as a molecule variable with range x j = 0 or 1 (
 j = f i 1; i 2g = f 0; 1g). The
parameter values used are: RRT= 1:0, co = 0:3, ci = 0:25, LT=V/2. The use of Random
problem generators demonstrates LARES' performance while avoiding the possibility
of over-�tting the algorithm to a particular setof problems (Spears,1998;De Jonget al.,
1997). This approach increasesthe predictive power to a classof problems instead of
speci�c systems. The other advantage of using random problem generators is that the
performance of the algorithm can be studied under dif ferent levels of modality and
epistasis.

In addition to the random problem generators, an intensive test bedof functions
is used, including a large class of behaviors. Those test functions have proved to be
challenging functions for which many algorithms specially designed for real-parameter
function optimization fail or are very slow. In all cases,LARES' performance is com-
pared with GA by doing side-by-side simulations over the same set of test functions.
When results are available in the literatur e, comparisons are also made with other al-
gorithms.

To perform the GA simulations, the IO structure of the sourcecodewritten by Car-
roll (http://cuaer ospace.com/carroll/ga.html) was modi�ed and adapted to LARES'
main driver to run both algorithms over the samesetsof test functions. Two versions
of GA recommended by Carroll (Carroll, 1996)were used in the simulations. The �rst
version (simply referred to asGA) consistsof tournament selection,uniform crossover
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and elitism. In all simulations for GA, the population size was 100,the crossover rate
was set to 0.6 and the mutation rate was set to 0.01. The second version is based on
a micro-genetic algorithm (referred to as � GA) (Carroll, 1996). For the simulations in
� GA, the population sizewas equal to 5 and the crossoverrate set to 0.05.The negative
of F was used asthe performance index in the GA solutions.

3.1 Test Model #1: Multi-modal problem generator

To test the algorithm over various degreesof modality , the multi-modal random prob-
lem generator of Spears(Spears,1998)was used, which produces random problems
with a controllable degree of multi-modality for binary representation. The problem
generator generatesa set of P random V -bit strings representing the location of the P
peaks in the space.To evaluate the performance of an arbitrary string, the nearestpeak
is located (in Hamming space).Then the �tness of the bit string c is the number of bits
the string has in common with that nearest peak, divided by V . The optimum �tness
for an individual is 1.0.

f (c) =
1
V

P
max
i =1

f V � Hamming(c;Peaki )g (5)

The objective function used in LARES was F (c) = 1 � f (c), while � F (c) was used
for the �tness function in GA simulations.

Table 1 shows the results for four study cases.For each set of parameters V and
P, twenty random problems were generated in each case. Each algorithm was run
on each problem generated. LARES found the global maximum in all cases,while
GA failed to �nd the global maximum for cases3 and 4, and � GA failed to �nd the
global maximum in three out of four cases. For the �rst case,LARES converged to
a global optimum in 78 function evaluations on average, while GA converged in 900
function evaluations and � GA converged in lessthan 350function evaluations. For the
second case,LARES found the global maximum in 647evaluations on average, while
GA converged in approximately 3700evaluations and � GA failed to �nd the global
maximum in 20,000function evaluations (seeFigure 8). For the thir d and fourth study
cases,LARES was the only algorithm that converged to the global maximum in nearly
30,000function evaluations (seeFigure 9).

Table 1: Comparison of LARES performance with GA for the multi-modal random
problem generator.

V P Number of Iterations GA � GA LARES
20 20 20,000 0 0 0
100 20 20,000 0 0.03 0
1000 20 30,000 0.16 0.29 0
1000 200 30,000 0.16 0.29 0

This behavior was explored systematically by De Jong et al.(De Jong et al., 1997).
In their analysis they found that for V = 20 the simple GA will converge in less than
5000function evaluations. For V = 100, many trials failed to �nd the global optimum
after 20,000evaluations. To impr ove the performance in case3, the mutation operator
needed to be optimized to 0.001to �nd the solutions for V=100.
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Figure 8: Average best-so-farcurves for LARES.GA and � GA on multi-modal problem
generator with V = 100and P = 20.
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Figure 9: Average best-so-farcurves for LARES.GA and � GA on multi-modal problem
generator with V = 1000and P = 20.
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3.2 Test model #2: Boolean Satis�ability Problem

The Booleansatis�ability problem (SAT) refersto the task of �nding a truth assignment
that makes a Boolean expression true. The Boolean satis�ability problem generator of
Mitchel et al. (Mitchell et al., 1992)is used in this section to test LARES' performance
under random problems with dif ferent levels of epistasis. The model assumesa con-
junctive normal form of the Boolean expressionwith C clauses.It is also assumedthat
all clausesareof the samenumber of literals, L. The vector of variables V is represented
asa binary string.

A random problem is generated creating C random clauses.Eachclause is gener-
ated selecting L variables randomly , and then eachvariable is negated with probability
0.5. Once a random L-SAT problem is de�ned, the �tness function, f , is given by the
fraction of clausesthat are satis�ed by the assignment. The objective function used in
LARES was F = 1 � f , and the �tness function used in GA was � F . Note that the
main goal of this section is to study LARESwith dif ferent levels of epistasis. For practi-
cal solutions to this type of problem, there are specially developed methods like GSAT
(Selman and Kautz, 1993)and WSAT (Gottlieb et al., 2002). In this section, the L-SAT
problem is used asa sourceof random problems with dif ferent levels of epistasis.

Table 2 shows the solution of a seriesof L-SAT random problems using LARESand
GA. Each test consists of an average of over 20 randomly generated problems. In all
simulations, the length of clauses,L, had a �xed value of 3. The number of variables,
V , was also �xed to a value of 100. The number of clauseswas used asa parameter in
the simulation ranging from 200to 2400. LARES is faster than GA in all cases,but in
the last two casesGA found a slightly better solution while GA found a slightly worse
solution to the L-SAT problem (seeFigure 10). These results show that LARES also
behavesvery well with problems with dif ferent levels of epistasis.

Table 2: Comparison of LARES performance with GA for the LSAT random problem
generator.

Number of classes,C Number of Iterations GA � GA LARES
200 30,000 0 0 0.0003
1200 30,000 0.0433 0.050 0.0469
2400 30,000 0.0651 0.071 0.0675

3.3 Test model #3: Real valued functions

In this section, the LARES algorithm is applied to a very challenging test bed which
has been used by many authors to test real function optimization algorithms. Binary
encoding is used to represent the real variables. Note that LARES is intended to be
a general-purpose algorithm able to deal, in general, with structures that cannot be
representedas real parameters (seesection 4.1,4.2). Nevertheless, this is an important
test bed, sincemany of thesefunctions have causedmany algorithms to fail.

Table 3 shows the averageperformance of LARESand GA under the sametest bed,
starting with the same initial guessesand performing the same number of iterations.
The average is taken over 20 solutions, starting from random initial points. In most
instances,LARES found solutions better than or equal to those of GA with fewer iter-
ations. Comparisons are also made with other methods speci�cally designed for real-
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Figure 10: Average best-so-farcurves for LARES.GA and � GA on L-SAT problem with
C = 200, L = 3 and V = 100.

function optimization available in the literatur e. Although there is a largeamount of lit-
erature,few referencesare included with methods that claim to bevery ef�cient for real
function optimization. Someof those algorithms are Dif ferential Evolution (DE) (Storn
and price, 1997), Breeder Genetic Algorithm (BGA) (Mühlenbein and Schlierkamp-
Voosen, 1993), Evolutionary Algorithm with Soft Genetic Algorithm (EASY) (Voigt,
1995),Line-up Competition Algorithm (LCA) (Yan and Ma, 2001),Ant Colony for Con-
tinuous Optimization (CACO) (Mathur et al., 2000), Adaptive Simulated Annealing
(ASA) (Ingber and Rosen,1992),Very FastSimulated Annealing (VFSA) (Ingber, 1993),
Guided Evolutionary Simulated Annealing (GESA) (Yip and Pao,1995)and Evolution
Strategy with Covariance Matrix Adaptation (CMA-ES) (Hansen et al., 2003).

The Goldstein and Price function, F1, converged to the optimal value using
LARES, while GA found an average value of 3.037in 3000 iterations. Note that the
CACO algorithm converged to the optimal value in 5662function evaluations, while
LARES found a value to reach of 3.00003in 1500iterations on average. The De Jong
function, F2, is a dif �cult function for many optimization algorithms. LARES found
the averagevalue of 0.00051,while the averageoptimal solution using GA was 0.00103.
Methods like DE and CACO can �nd the solution much more rapidly .

The Thir d modi�ed De Jong function, F3, is a step function that exhibits many
plateaus, making the minimization problem a very dif �cult one. Both algorithms,
LARES and GA, converged to a global optimum. DE found the solution with optimal
parameters in 849 function evaluations, and VFSR in 800 evaluations. When LARES
was used with 1000function evaluations, it still found the global solution in 19 cases
out of 20 and a near optimal value in one case. When GA used 1000iterations, it did
not converge to a near optimum: the average solution was 2.65. Furthermor e, when
LARES was operated with a value to reach,the solution was found on averagein 1328
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Table 3: Comparison of LARES performance with GA for global optimization of real-
valued functions.

Number of Number of Bits perFi Iterations variables variable
GA LARES

1 3000 2 15 3.03713 3.00000
2 10,000 2 15 0.00103 0.00051
3 5000 5 15 0 0
4 6000 2 20 1.24888 1.13103
5 30,000 4 25 0 0
6 100,000 100 15 9423.925 0.00032
7 1500 1 15 7.00144 7.00064
8 15,000 2 15 -185.588 -186.604
9 10,000 2 15 1.00559 1.00786
10 10,000 5 15 0.01058 0.00247
11 20,000 5 15 0.00079 0.00064
12 20,000 5 15 0.00153 0.00153
13 20,000 5 15 0 0
14 200,000 10 20 0.19275 0.08927
15 40,000 15 15 14.53298 4.9654

iterations, which is performance comparable to that of DE and VFSR.
The �fth De Jongfunction, F4, converged to an averagevalue of 1.13,while simu-

lations with GA have an average optimal value of 1.25after 6000iterations. For these
functions, the ASA algorithm converged in 1379. The Corona's parabola function, F5,
has a set of holes that increasein depth as one approachesthe origin with 1020 local
minimum points. GA and LARES found the exact optimal value. The VFSA method
needed the same number of iterations to �nd the minimum point. For the Hyper -
ellipsoid function, F6, which is a large optimization problem, LARES reachedthe opti-
mal value of 0.0003in 100,000iterations, while GA never converged with the value of
9423.Real function algorithms like EASY found the solution in 104,000iterations, and
DE found the solution in 56,000iterations.

Goldstein's function F7 converged to a value of 7.00064using LARES, while with
GA it converged to a value of 7.00144in 1500iterations. When LARESwas iterated until
it reacheda target value of 7.001,on average621iterations were required. Note that for
the caseof SDE,3184function evaluations were required to �nd the global optimum,
and DE found the global optimum in 503. Again both algorithms were developed for
real function problems and with optimal parameters.

Shubeurt's function, F8, has760local minimum points. LARESand GA converged
to values of -186.6042and -185.5883in 15,000iterations. Note that for the samefunction,
the IGA algorithm needed 60,000iterations to converge to a value of 186.6628,while
LCA needed 2196 iterations. Function F9 has nearly 40,000local minimum points.
LARES found a value of 1.008,while GA found a slightly better value of 1.006. For
this problem, the GESA method converged in 8 lakh and LCA in 5922iterations. For
function F10, which has759,375local minimum points, LARESfound a value of 0.00247
while GA found a value of .01058in 10,000iterations. Note that this problem required
9018iterations by SA and 1629iterations by LCA.

Schwefel's functions F11 and F12 are dif �cult functions to solve becauseof corners
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in the contour lines. Function F13 has a 10th power, making it a hard optimization
problem. GA and LARES had similar performance for those functions. For functions
F14 and F15, both methods failed to �nd the global optimum, but LARESfound a better
value than GA in both cases.

In summary, although LARES was designed to optimize discrete structures, the
algorithm behavesvery well when tested with a very dif �cult test bed of continuous
functions using binary encoding of the real variables. LARES had better performance
than GA in most instances,and in many casesthe method's speedis comparable to that
of methods specially designed to operate with real-valued optimization problems. This
is a very important result, since structural problems that also have real parameters as
part of the decision variables could be solved effectively using LARES.

3.4 Test model #4: Multiple State Encoding (M > 2)

To study the caseof multiple state encoding, the multi-modal problem generator is
extended to M-states (M> 2) with 
 = f i 1; : : : i M g. Let P be the number of random
peaks in the problem generator. The objective function is the distance between the
current point and the nearestpeak

F (c) =
P

min
i =1

f d (c;peaki )g (6)

where the distance function d(a; b) is the number of j -molecules that have dif ferent
values: aj 6= bj .

This model is used to study the algorithm's performance as M increases. The
same problems are also reformulated using binary encoding as a benchmark. Figure
11 shows that, for the model problem studied, when M < 10 the number of function
evaluations increasesonly 10%when multi-state representation is used vs. binary rep-
resentation. When M=63, the number of function evaluations increasesby 250%.These
numerical experiments show that, in order to achieve good performance, the encoding
of the original problem should have molecule variables with a small range of possible
discretevalues (M � 10). For large values of M, although the algorithm is very robust
in �nding the global optimum, the computational load is considerably larger than the
binary counterpart. In somecases,the useof multiple stateencoding may facilitate the
implementation of problems with constraints.

4 Including Problem Constraints in LARES

Given the fact that the operators Activate-Transfer and Deactivate-Transfer
transform one variable (molecule) at a time, certain types of constraints can be han-
dled naturally in this methodology. Let's consider that someconstraints of the original
problem can be reformulated asone of the following types of constraints:

2 “Materials” constraint: Constraint on the maximum or minimum number of
molecule variables that can have a given value.

2 ”Connectivity” constraint: A subsetof molecules cannot change its current value,
xg

j , to satisfy some connectivity constraints of the original problem.

As an example, thesetypes of constraints appear in shape and material optimiza-
tion. In this case,given a design domain D, the goal is to determine at what parts of
D there should be material and what type of material. Any feasible solution should
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Figure11: Increasein function evaluations when using M-state coding vs. using binary
coding for the sameproblem. For the M-state problem, V = 100and P = 20. For binary
coding, the vector size V was adjusted asa function of M.

satisfy some connectivity constraints (i.e., D fully connected) and material constraints
(how much of each type of material can be used). To apply LARES to this type of
problem, the design domain is discretized into �nite elementsand eachelement is then
associatedwith a variable x j . Thesevariables can be conveniently representedby mul-
tiple state encoding in which eachvalue representsthe type of material and one value
representsno material in that �nite element.

These types of constraints are incorporated within LARES using the modi�ed
Activate-Transfer-c (L, AR, N, transfer) algorithm shown in Figure 12, and the
modi�ed Deactivate-Transfer-c (AR, E, N, transfer) algorithm shown in Figure
13. Theseoperators restrict the molecules that can be transformed in such a way that
every trial vector is a feasible solution. In the modi�ed Activate-Transfer before
transferring a molecule from L to AR, the set of unrestricted molecules, U(L) � L, is
determined. For every molecule, xk , in L the setof unrestricted states �
 k � 
 � f xg

k g is
de�ned as8 q 2 
 � f xg

k g; q 2 �
 if x test is feasible,where x test is de�ned as

x test
j =

8
<

:

xg
j if x j =2 AR

xa
j if x j 2 AR

q if j = k
(7)

Given the unrestricted set of states for each molecule, the unrestricted set of
molecules, U(L) � L, is de�ned as U(L) = f x j 2 Lj �
 l 6= ;g . Given U(L), a random
molecule is selected from this subset and transferred to AR. Then the new activated
state will be selected randomly from the set of unrestricted states, �
 j . This process
is repeated N times or until U(L) is empty. If at least one molecule was transferred
successfully the logical variable transfer will have a true value.
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Activate-T ransfer-c(L, AR, N)
Begin
Transfer  FALSE

For counter=1, N do
Determine U(L);
If (U(L) = ; ) BREAK ;
Selecta random molecule, x j , from U(L) (using uniform PDF);
Sendan element from L to AR; L = L � f xj g; AR = AR [ f xj g;
Selecta random value, q, from �
 j (using uniform PDF);
Setxa

j = q;
Transfer TRUE;

End(for)
Setx t using Eq. (1)

End

Figure 12: Modi�ed Activate-Transfer algorithm.

Deactivate-Transfer-c(AR, E, N)
Begin
Transfer  FALSE

For counter=1, N do
Determine U(AR);
If (U(AR) = ; ) BREAK ;
Selecta random molecule, x j , from U(AR) (using uniform PDF);
Sendan element from AR to E; AR = AR � f xj g; E = E [ f xj g;
Setxa

j = q;
Transfer TRUE;

End(for)
Setx t using Eq. (1)

End

Figure 13: Modi�ed Deactivate-Transfer algorithm.

16 Evolutionary Computation Volume 12,Number 4



Arti�cial Chemical Process

The same methodology is used in the modi�ed Deactivate-Transfer algo-
rithm. In this casethe set of unrestricted molecules, U(AR) � AR, is determined as
all the k-molecules in AR that satisfy the following conditions: xk 2 U(AR) if x test is
feasible,where x test is de�ned as

x test
j =

8
<

:

xg
j if x j =2 AR and j 6= k

xa
j if x j 2 AR and j 6= k

q if j = k
(8)

The modi�ed LARES algorithm for constrained problem is shown in Figure 14

Begin
Initialize xg (feasible),with all elements in L;
Better TRUE; Transfer FALSE;

% Outer iteration
While (termination criterion is not satis�ed) do

SetN using Eq. (2);
Call Activate-Transfer-c(L, AR, N);
Call Acceptance-test(better);

If (termination criterion satis�ed) End
% Inner iteration

If (not better) then
RP=F (x t ); SetjARj0 = jARj and rec = 0;
While (jARj > 1 and [rec/ jARj0] � RRT and not better and transfer) do

SetN using Eq. (3);
Call Deactivate-Transfer-c(AR, E, N, transfer);
Call Acceptance-test(better)
If (termination criterion satis�ed) End
If (F (x t ) � RP or better) then

Transfer all elements in E to S:S = S[ E; E = ;
RP = F (x t )

Else
Call Activate-Transfer-c(E,AR, jEj, transfer);
S = S[ E; E = ; ;
rec = rec+ 1;

End(if)
End(while)

End(if)
If (jLj � LT or transfer) L = L [ S; S = ; ;
If (jARj = V or jLj � LT or transfer) L = L [ AR; AR = ; ;

End(while)
End

Figure 14: Modi�ed LARES algorithm for constrained problem.
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4.1 Test Results for Material Optimization with Constraints

In this section, the multi-modal problem generator extended to M-states is used as a
prototype for the material optimization problem. A constraint is added for the state=3:

N3 � K (9)

where K is a problem parameter and N3 is the number of molecules with value
equal to 3. To study the performance of LARES for a constrained problem, several
numerical experiments were performed using the extended multi-modal problem gen-
erator. Table 4 shows the performance for �ve casestudies. For each set V, P, M, and
K, twenty random problems where generated in eachcase.LARES found the optimal
value in all cases,with performance very similar to the unconstrained problem (same
V, P, M, and K = 1 ). This type of problem will be very dif �cult if not impossible to
solve using GA. The use of multiple state encoding facilitates the implementation of
the constraint in Eq. (9), and useof the modi�ed algorithm guaranteesthat the solution
is feasible. This is a clear advantage over other algorithms.

Table 4: LARES performance for a constrained multi-modal problem generator.

V P M K N LARES
100 20 3 20 1261 0
100 20 4 20 1806 0
100 20 15 20 8278 0
100 20 3 4 1059 0
1000 20 3 4 22,301 0

5 Effect of the algorithm parameters

The tuning parameters were kept constant during all numerical experiments. In this
section, the sensitivity of these parameters is studied by changing one parameter at a
time. To measure performance, 12 instancesare solved in eachexperiment, consisting
of f 2; f 3; f 4; f 5; f 6; f 10; f 12; f 13; f 14; f 15, multi-modal problem generator with V=1000
and P=20, and an L-SAT problem with V=100, L=3 and C=2400. One simulation was
performed per function. The effects of RRT, co, ci , and LT are shown in Figures 15
and 16. Theseparameters have a clear signi�cance, and the range of validity is easy
to guess. For instance, co and ci are used to set the fraction of molecules to be selected
respectively from Z and AR. A practical range of studies is [0.01, 3.0], and LT is the
minimum number of molecules that should be in L before the next outer loop. The
range studied is [1,V]. RRT is the lessobvious parameter; the only requirement is that
it be large enough for most of the inner loops (75%-95%)to be terminated either by a
better solution or by complete depletion of the setAR. The range studied was [0,3].

The RRT parameter showed good performance in the range from 0.5 to 2.0, as
shown in Figure 15-a. A value as low as 0.1 also had good performance, but one of
the 12 instances did not converge to the global solution. For a larger parameter, the
algorithm may become too slow, depending on the problem at hand. For the current
test bed, 11 out of 12 instanceswere solved effectively for a parameter as large as 3.0.
The effectsof co and ci areshown in Figures15-band 16-a.The importance of thesepa-
rameters is to de�ne a PDF that samplesa fraction of Z and AR respectively. As shown
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in the numerical experiments, values as low as0.1and ashigh as1.5give good perfor -
mance. The last parameter studied is LT, which hasa minor impact on performance for
the full range [1,V]. The main purpose of this parameter is to speed up the search for
large problems. For instance,f 6 with D=100can be solved in 44,000iterations for LT=1,
twice the speedthan for LT=V.

6 Discussion and Further Research

In this section, someof the featuresof this new algorithm are highlighted and areasfor
further research are addressed:

Fastand robust: The numerical experiments performed in this work showed that
the algorithm is very fast and robust when tested with problems of dif ferent degrees
of multi-modality , discontinuity and �atness. Theoretical analysis will be considered
in the futur e to further study the convergenceproperties of this algorithm.

Coding �exibility: The molecular representation allows the solution of a large
classof problems. The fact that eachmolecule can have a dif ferent range of statesthat
can be visited allows multiple encoding to be a natural part of the algorithm. This
property is not shared with other algorithms like genetic algorithms. For example,
to use limited multiple encoding with genetic algorithms, the algorithm needs to be
customized, with crossoveroperators de�ned for eachsection with dif ferent encoding.
Furthermor e, since the vector structure is not important, the molecules can be indexed
in any form. For example, in a 3D material shape optimization the molecules can be
indexed as x ij k , facilitating the handling of constraints. The algorithm's potential in
topology and material optimization is a matter of futur e research. Future application
of this algorithm considers the training of neuro-fuzzy systems, in which the solution
of the problems determines the optimal structure of the network, together with tuning
of the membership functions. Although a large class of problems could be solved
using LARES, it is well known that there is no single algorithm that can solve all
optimization problems effectively. Therefore, the ability to tailor the algorithm is
another advantage of this approach,asdescribed next.

Tailoring the algorithm using problem-speci�c information: LAREScanbe viewed
as a hyper-structure in which problem-speci�c information can be added to the
Activate-transfer and Deactivate-transfer operators. The ”locality” of these operators
allows incorporation of constraints, within the operators, asseenin section4. Also, bias
in the sub-set formation in steps 3 and 11 or in the transformation rule (step 5) could
be added if there are some problem-speci�c featuresthat can be exploited to accelerate
the search. This �exibility is a clear advantage over other algorithms. This is a very
important feature of this algorithm: it is a general-purpose structure but also has the
�exibility to add problem-speci�c features.This is also an areaof futur e research.

7 Conclusions

In this work, a new general-purpose optimization algorithm was intr oduced whose
performance in terms of robustnessand ef�ciency was studied with a challenging set
of benchmark problems. The LARES algorithm performed very well, converging to
near global optimal solutions when solving dif ferent classesof problems with dif ferent
degreesof multi-modality , epistasis, �atness and discontinuities. In all casesstudied,
LARESwas on averagefaster than GA and more robust in �nding the global optimum.
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Figure 15: LARES performance as a function of dif ferent parameters. (a) RRT with
c0 = 0:3, ci = 0:25, LT=V/2 and (b) c0 with RRT = 1:0.
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Figure 16: LARES performance as a function of dif ferent parameters. (a) ci = 0:3.
LT=V/2 and (b) LT with RRT = 1:0, c0 = 0:3, ci = 0:25.
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LARES' ability to handle constraints in discrete structures was also demonstrated by
solving modi�ed multi-modal random problem generators with material constraints.
Future research will include theoretical analysis to better understand this algorithm's
convergence properties, its performance on dif ferent applications, and the use of the
ACP paradigm in the development of new problem-speci�c algorithms.
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A Test bed used for real-valued functions

(1) Goldstein and Price

F1 =
�

1 + (y1 + y2 + 1)2(19 � 14y1 + 3y2
1 � 14y2 + 6y1y2 + 3y2

2)
	

�
�

30+ (2y1 � 3y2)2(18 � 32y1 + 12y2
1 + 48y2 � 36y1y2 + 27y2

2

	

With � 2 � y1; y2 � 2. The global minimum is y1 = 0; y2 = � 1 with F1 = 3.

(2) SecondDe Jongfunction

F2 = 100
�
y2

1 � y2
� 2

+ (1 � y1)2 ; � 2:048� y1; y2 � 2:048

The global minimum is y1 = y2 = 1 with F2 = 0.

(3) Thir d De Jongfunction

F3 = 30 +
5X

j =1

int( yj ); � 5:12 � yj � 5:12

The global minimum is yj = � 5 � " (j = 1; : : : ; 5), with F3 = 0, where " 2 [0; 0:12]
and int( x) in the nearest integer function of a variable x.

(4) Fifth De Jongfunction

F4 =
1

0:002+
24X

i =0

1

i +
2X

j =1

(yj � aij )6

; � 65:636� yj � 65:536

where the values of aij are speci�ed in [13]. The global minimum is y1 = y2 = � 32
with F4 = :998004.
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(5) Corona's parabola

F5 =
4X

j =1

�
0:15� (zj � 0:05� sgn(zj ))2 � dj if jyj � zj j < 0:05

dj � y2
j otherwise

where

zj = int( jyj =0:2j + 0:49999)� sgn(yj ) � 0:2

and

dj = f 1; 1000; 10; 100g

The global minimum is jyj j < 0:05 (j = 1; 2; 3; 4), with F5 = 0.

(6) Hyper -Ellipsoid

F6 =
DX

j =1

j 2 � y2
j ; � 1 � yj � 1

The global minimum is yj = 0 (j = 1; : : : ; D), with F6 = 0.

(7) Goldstein's function

F7 = y6 � 15y4 + 27y2 + 250; � 10 � y � 10

The global minimum is y = � 3 with F7 = 7.

(8) Shubeurt's function

F8 =

(
5X

i =1

i � cos[(i + 1)y1 + i ]

) (
5X

i =1

i � cos[(i + 1)y2 + i ]

)

+ 0:5
�
(y1 + 1:42513)2 + (y2 + 0:80032)2

�
; � 10 � y1; y2 � 10

The global minimum is at (-1.42513,-.80032)with F8 = � 186:7309.

(9) Yan and Ma

F9 =
y2

1 + y2
2

2
� cos(20� y1) � cos(20 � y2) + 2; � 10 � y1; y2 � 10

The global minimum is at (0,0)with F9 = 1.

24 Evolutionary Computation Volume 12,Number 4



Arti�cial Chemical Process

(10) Yan and Ma

F10 = 0:1f sin2(3� y1) +
D � 1X

i =1

[yi � 1]2 � [1 + sin2(3� yi +1 )] +

[yD � 1]2[1 + sin2(2� yD )] g; � 5 � yj � 5

The global minimum is at (1,1,1,1)with F10 = 0.

(11) Schwefel's function 2.21

F11 = max
j

fj yj j; j = 1; :::; 5g; � 10 � yj � 10

The global minimum is at (0,0,0,0)with F11 = 0.

(12) Schwefel's function 2.22

F12 =
5X

j =1

jyj j +
5Y

j =1

jyj j; � 10 � yj � 10

The global minimum is at (0,0,0,0)with F12 = 0.

(13) Schwefel's function 2.23

F13 =
5X

j =1

y10
j ; � 10 � yj � 10

The global minimum is at (0,0,0,0)with F13 = 0.

(14) Griewangk's function

F14 =
DX

j =1

y2
j

4000
�

DY

j =1

cos
�

yjp
j

�
+ 1; � 512� yj � 512

The global minimum is at yj = 0 (j = 1; : : : ; D), with F14 = 0. This function also
has many local minima, making the global optimum very hard to �nd.

(15) Rastrigin's Function

F15 = 10D +
DX

j =1

�
y2

j � 10cos(2� yj )
�
; � 10 � yj � 10

The global minimum is at yj = 0 (j = 1; : : : ; D), with F15 = 0.
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